Abstract. In these notes, we consider self-maps of degree ≥ 2 on a weak del Pezzo surface X of degree ≤ 7. We show that there are exactly 12 such X, modulo isomorphism. In particular, K 2 X ≥ 3, and if X has one self-map of degree ≥ 2 then for every positive integer d there is a self-map of degree d 2 on X.
Introduction
We work over the complex numbers field C. By a self-map f , we mean an algebraic morphism from an algebraic variety X onto itself. Invertible self-maps (e.g. automorphisms and hence of degree 1) have been intensively studied by mathematicians. However, those f of degree ≥ 2 are not known much yet.
We remark that the study of self-maps on singular varieties can not be reduced to that on smooth varieties. Indeed, the multiplication by an integer n ≥ 2 on an abelian surface A induces a self-map f of degree n 4 on the Kummer surface K (= A modulo the involution -id). However, the induced self rational map f ′ on the minimal resolution of the Kummer surface K is not a morphism for the f -pre image of the 16 singularities on K has more than these 16 points.
Self-maps of open algebraic varieties are actually more difficult. For example, the Jacobian conjecture, which has been open for 50 more years and is still open, asserts that every etale endmorphism (not necessarily surjective) of the affine nspace is an automorphism. In these notes we will consider self-maps of projective varieties only.
We mention some known results. A self-map of a variety of Kodaira dimension ≥ 0 is unramified (Sommese's result). In particular, there are no self-maps of degree ≥ 2 on a surface with non-negative Kodaira dimension and non-zero c 2 1 or c 2 . Beauville [B] proved that there are no self-maps of degree ≥ 2 on a smooth hypersurface of degree ≥ 3 in a projective space, and that if a del Pezzo surface X has a self-map of degree ≥ 2, then K 2 X ≥ 6. In view of the above results, one needs to study the self-maps on algebraic varieties of Kodaira dimension −∞. The first thing is naturally the study of those on Fano or even weak Fano varieties. Here we say a smooth projective variety is 1991 Mathematics Subject Classification. 14J26.
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After the paper was presented in the conference on Algebraic Geometry on the occasion of Professor S. Iitaka's 60th birthday, Professors E. Sato and K. Cho kindly pointed out that Professor N. Nakayama has classified surfaces with a self map of degree ≥ 2, in particular: a rational surface has a self map of degree ≥ 2 if and only if it is a toric surface. This agrees with our Theorem 2, where the surface is a blow-up of points of the intersection of the triangle and their infinitely near point so that the inverse of the triangle is a simple loop and hence the resulted surface is a toric surface. The methods of Professor Nakayama's and ours are different. According to Professor Nakayama's preprint, there are also works by Segami (resp. Fujimoto-Sato) on self-maps for irrational surfaces (resp. threefolds).
Section 1. Examples and preparations
Lemma 1.1. Let X be a smooth surface with a self-map f of degree ≥ 2 so that every negative divisor on X is contractible to a Q-factorial singularity (this is true if X is weak del Pezzo; see Lemma 1.4) Then we have:
(1) f is a finite morphism.
(2) Suppose that E is a negative curve on X. Then F = Supp(f −1 (E)) is irreducible and negative. Proof. The proof of (1) is similar to that of (2). For (2), let µ : X → Y be the algebraic contraction of E to a point P on the normal surface Y . The Stein factorization of µf will decompose as µf = gν, where g : Y ′ → Y is a finite morphism. Now ν maps F to points lying over the point P = µf (E). Hence F is contractible (and hence negative; see [M] ) and the Picard number ρ(
Thus F is irreducible and negative.
For (3), note that by (2), f −1 induces a bijection on the finite set Σ of all 4 negative curves on X. Hence, for some m > 0, the inverse of g = f m acts as identity on the set Σ, i.e., Supp(g −1 (E)) = E for every negative curve E on X. Now (3) follows from the proof of Lemma 1.2. This proves the lemma. Lemma 1.2.
(1) Suppose that f is a self-map on a smooth surface X. If E is a (−1)-curve on X such that Supp(f −1 (E)) = E and µ : X → Y is the blow down of E to a point P , then Y has an induced self-map, also denoted by f such that f µ = µf and
(2) Suppose that f is a self-map on a smooth surface Y . If P is a point on Y (so that two smooth curves C i intersect transversally at P and f * C i = dC i ; this technic condition could probably be weakened) such that f −1 (P ) = {P } and µ : X → Y is the blow up of P with E the exceptional divisor, then there is an induced self-map of X, also denoted by f , such that µf = f µ and f
Proof. The first part of (1) follows from the proof of Lemma 1.1 (2). For the second part of (1), let
For (2), suppose that C i = {x i = 0} with x 1 , x 2 the local coordinates at P . Then the blow up of P is locally (
. Now it is clear that f is liftible. This proves the lemma. Lemma 1.3.
(1) A weak del Pezzo surface is a rational surface.
(2) Let X be a smooth rational surface and let D be an effective divisor on X. Suppose that |K X + D| = ∅. Then D is of simple normal crossing and supported by smooth rational curves. Proof. Note that the contraction of all (−2)-curves on X will give rise to a Gorenstein del Pezzo surface (i.e., the anti-canonical divisor is ample and all singularities are Du Val), which is rational so does X, see e.g. [GZ1, Lemma 1.3].
(2) is a consequence of the Riemann-Roch theorem applied to all sub-divisors of D. For (3), let B be the minimal sub-divisor of D, which is not a normal crossing rational tree. Then the Riemann-Roch theorem implies that |K X + B| = ∅. Hence B = D ∼ −K X . Also D ∼ −K X implies that one of the cases in (3) occurs. We need to say that there is such B. Otherwise, D is a disjoint union of e rational trees. So 0 = D.(D + K X ) = −2e, a contradiction. This proves the lemma. Lemma 1.4. Let X be a weak del Pezzo surface. Then we have:
(2) There are only finitely many curves C on X with C 2 < 0.
Proof. For (1), since −K X is nef, we have K X .C ≤ 0. Now (1) follows from the genus formula for C.
(2) is well known. We prove it here for readers' convenience. Note that all (−2)-curves are perpendicular to the nef and big divisor −K X , whence contractible altogether to Du Val singularities by using the Hodge index theorem. So the number of all (−2)-curves on X is bounded from above by ρ(X) − 1.
X and hence can be written as 
If we use [U : V : W ] as coordinates for both the domain and range of f so that f is a self-map and use L i to denote the lines defined by coordinates, then we have f * L i = dL i and f −1 (P i ) = P i where P 1 = [1 : 0 : 0], P 2 = [0 : 1 : 0], P 3 = [0 : 0 : 1]. Set X 0 = P 2 and LP 0 = L i . Let µ 1 : X 1 → P 2 be the blow up of one of P i . By Lemma 1.2, we have an induced self-map f on X 1 such that f * C = dC for every curve in the reduced divisor LP 1 = µ −1 1 ( i L i ) which is a simple loop so that K X1 + LP 1 ∼ 0. Moreover,
Similarly, we let µ 2 : X 2 → X 1 be the blow up of an intersection point of the loop LP 1 and set the reduced divisor LP 2 = µ −1 2 (LP 1 ). Thus we obtain µ i : X i → X i−1 and a self-map f on all X i commuting with all µ j such that
where the reduced divisor LP i is the inverse of the triangle LP 0 = L i and is again a simple loop so that
Section 2. The proof of Theorems 1 and 2
We will prove Theorem 2.1 below which includes Theorem 2 in the Introduction.
Theorem 2.1. Let X be a weak del Pezzo surface with K 2 X ≤ 7 and a self-map f (which is not an automorphism) such that Supp(f −1 (E)) = E for every negative curve E on X. Then we have:
There are a birational morphism µ : X → P 2 and a self-map of P 2 , also denoted by f , such that µf = f µ.
(2) There is a triangle of three non-concurrent lines i L i such that µ is the blowup of some of the three intersection points of the triangle and their infinitely near points satisfying
is a simple loop of P 1 's; write LP = i E i + j P j with E 2 i < 0 and P 2 j ≥ 0, (2b) every negative curve on X is contained in the loop LP , i.e., equal to one of E i , (2c) every curve in the loop LP has self intersection in {−2, −1, 0, 1}. 
We now prove Theorem 2.1. Let f, X be as in Theorem 2.1. Let E ℓ (1 ≤ ℓ ≤ m) be all of the negative curves on X, each of which is either a (−1) or (−2)-curve (Lemma 1.4). Since K 2 X ≤ 7, we have m ≥ 1. By the proof of Lemma 1.2, we have deg(f ) = d 2 and f * E = dE for every negative curve E. Write
where Z is effective and supported by curves of non-negative self intersection. Set
Lemma 2.2
(1) f * C ∼ dC for every divisor C on X.
, where e is the number of connected components of E ℓ .
Proof of Lemma 2.2. Since K 2 X ≤ 7, it is easy to see that P icX is generated by negative curves E; now (1) follows from the fact that f * E = dE. (2) is just the definition of D. The first part of (3) follows from (1) 
In the second last equality, we use the fact that E ℓ is a union of e connected rational trees for |K X + E ℓ | = | − D| = ∅ and by Lemma 1.3, and that the number of edges in a connected tree is one less than its number of vertices. Now
This proves (3).
Thus Z red is a disjoint union of curves Z i with Z 2 i = 0. Since −K X is nef and big, we have K X .Z i < 0 (equality would imply that Z 
1 . This and D 2 = 0 imply that D is a positive multiple of Z 1 . Since the fibration clearly has a cross-section, D ∼ sZ 1 for some positive integer s. Now dim|D| = s. This and (3) imply that s = e. This completes the proof of (4).
Suppose that D is big (and also nef). Then dim|D| ≥ 2 by (3). Write |D| = |M |+F , where F is the full fixed part. The Stein factorization applied to our regular surface X implies that M = kM 1 where M 1 is irreducible. Since |K X + M 1 | ≤ |K X + D| = ∅, the M 1 ∼ = P 1 by Lemma 1.3. Thus |M 1 | is base point free and dim|M 1 | = M 2 1 + 1 (see e.g. [DZ, Lemma 1.7] ). Hence we may assume that k = 1 unless
F , where each term of the latter is nonnegative. If M 2 = 0, then the big and nefness of D implies that F > 0 and (D is 1-connected and hence) M.F > 0, whence Now the consideration of the new fibration ϕ 2 with a fibre T 1 formed by E 1 and −E 2 1 components in S 1 , shows that X has a new negative curve in a fibre T 2 ( = T 1 ) but outside E ℓ , a contradiction.
Suppose that D = 0 but D 2 = 0. Then (1) implies that ϕ has exactly one singular fibre S 1 , and LP := D + E ℓ fits Figure 6 , 7 or 8.
Suppose that D 2 > 0. Let µ : X → P 2 be a birational morphism [DZ, Lemma 4 .2], smoothly blowing down curves in
is a nodal member of | − K P 2 |. Then (1) implies that this nodal member is a union of a line (= µ( E ℓ ) = µ(E 1 ) say) and a conic µ (D) X(5) → X(4) → X(2) → X(1) ← X(2) ← X(3), X(6) ← X(7) ← X(8), X(9) ← X(10) → X(11) ← X(12).
We will prove for some cases with smaller K 2 X and the others either follow or are easier. For X(5), we can take µ : X(5) → P 2 to be the composite of the blow up of the three intersection points P k (k = 1, 2, 3) of the three non-concurrent lines i<j L ij (with L ij the line joining P i and P j , and we may assume that P 1 = [1 : 0 : 0], P 2 = [0 : 1 : 0], P 3 = [0 : 0 : 1]) with E k the exceptional divisor, and the blow up of the three intersection points of E 1 , E 2 , E 3 with respectively the proper transforms of L 12 , L 23 and L 31 .
For X(8), we see that there is a birational morphism η : X(8) → P 1 × P 1 . It is the composite of the blow up of two points P j having coordinates (x, y) = (0, ∞) and (∞, ∞) with exceptional divisors E j , and the blow up of the two intersection points of E 1 , E 2 with respectively the proper transforms of the fibres x = 0 and x = ∞.
For X(10), we can take µ : X(10) → P 2 to be the composite of the blow up of the two points P j (j = 1, 2) with exceptional divisor E j , and the blow up of the intersection point of E 1 with the proper transform of L 12 (we use the notation of X(5)). For X(12), we can take µ : X → P 2 to be the composite of the blow up of P 1 with E 1 the exceptional curve, the blow up of the intersection point of E 1 with the proper transform of L 12 with F 1 the exceptional divisor, and the blow up of the intersection point of F 1 with the proper transform of L 12 (we use the notation of X(5)).
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